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Finite-Size Corrections to the
Free Energy of Coulomb Systems with a
Periodic Boundary Condition
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Classical Coulomb systems in d dimensions (d22) with a periodic boundary
condition, period W, in the direction x¥ are considered. With the other
directions of the confining volume of length L, it is shown that if the system
is in a conducting phase, then the “strip” free energy kTfy, fw=
—lim, , ., L~“"Ylog Z, has the large- W expansion

dR2—-1yI(dR2—-1 1
U—,Id/%wf,—_/l——)c<d>+0<wd+l)

where kT7, is the bulk free energy per unit volume, {(x) denotes the Riemann
zeta function, and I'(x) denotes the gamma function. With 1/W identified as k7,
this result is precisely the low-temperature behavior of the free energy of a
(d— 1)-dimensional Debye solid. This fact is explained in terms of an equiva-
lence between the Coulomb gas and quantum fields. Also, the expansion is
verified for some exactly solved models of Coulomb systems in two dimensions.

fW~ me+

KEY WORDS: Coulomb systems; finite-size corrections; sine-Gordon field
theory.

1. INTRODUCTION AND SUMMARY

1.1. The Strip Free Energy at a Conformal Critical Point

One of the fundamental predictions of the theory of conformal critical
points in two dimensions is the finite-size correction to the strip free energy.
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Specifically, consider a lattice model with the parameters chosen to
correspond to bulk critically, but in a strip geometry of length L and width
W (the number of rows of the lattice) wrapped around a cylinder. Then the
free energy k71, per unit length

1
fw=— lim —L—logZ (1.1)

L— o

has the large-W behaviort*?
e 1
S~ wa_EVT/+O<_V—V—2_> (1.2)

where kWS is the bulk free energy per unit volume and ¢ is the central
charge of the Virasoro algebra of the underlying continuous field theory.
Equivalently, for low temperatures 7 the specific heat C per unit volume of
a conformally invariant one-dimensional quantum system has the behavior

C ~ nck*T/3ky (1.3)

where the dispersion relation of the low-lying excitations is assumed to be
of the form w ~ vk.

In contrast to (1.2), away from critically the strip free energy k71, has
the large-W behavior

Sw~ Wfe +0(e™ ") (1.4)

where y is the correlation length. Qualitatively, the different behaviors (1.2)
and (1.4) are attributable to the divergence of the correlation length at
criticality.

1.2. Objective and Plan of the Paper

In this paper we will consider the large-W expansion of the analogue
of (1.1) for general classical Coulomb systems in dimensions d = 2. Periodic
boundary conditions are imposed in one direction, x'¥ say, and the system
has length W in this direction. The “strip” free energy k7f, is then
defined as

1
fw= —lim Zﬁlogz (1.5)

L—->w

where L is the length of each side of the confining volume in each of the
directions x),..., x4—1),
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A Coulomb system in its conduction phase has a finite correlation
length and is certainly not critical. However, in Section 2 we provide a
general argument which shows that in the conducting phase, for d> 2, the
free energy (1.5) has a universal large- W expansion

(d2—1) [(d2— 1) 1
fum o+ P @ 0 () a0

where {(d) is the Riemann zeta function
© 1
{(d)=3 — (1.7)
na=1 n

and I'(x) is the gamma function. In Section 3 the result (1.6) for d=2 is
verified in some special cases. These are the two-dimensional, one-compo-
nent and two-component plasmas, at the special coupling y =2, where

y=q*(kT (1.8)

for which exact results are known.

1.3. Relationship to the Free Field

The result (1.6) has an interpretation in terms of quantum fields.
Consider a d-dimensional Coulomb gas with the particles constrained on
lines along, say, the x'® direction and forming a (d — 1)-dimensional lattice.
Furthermore, suppose that in the direction of x'¥) the system is periodic of
period W. Then, using the Gaussian transformation,®’ we have that for
small fugacity

ZY=D(kT=1/W)

Egé(W)=Z%,_1,(kT:1/W) (1.9)

where = denotes the grand partition function of the d-dimensional
Coulomb gas, while Z{*~" and Z ¢~V denote the partition function of an
interacting quantum field theory and the free field theory, respectively, with
the Hamiltonians of the field theories defined on a (d~— 1)-dimensional
lattice. Note the relationship between the temperature T of the quantum
field theory and the width W of the periodic boundary of the Coulomb gas
as indicated in (1.9). As an explicit example of the identity (1.9), when the
Coulomb gas consists of positive and negative charges of equal magnitude,
the interacting quantum field is the sine-Gordon theory.*
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The identity (1.9) when combined with the free energy expansion (1.6)
implies that for low temperatures 7,

CYD(T) — C Y= T) ~ d(d — 1)(dj2— 1) I(d)/2 — 1) L(d) = “%kT =
(1.10)

where C¢ =1 and C{~" denote the specific heats per unit volume of the
free and interacting fields in (1.9), respectively. Here we have deduced the
large- W behavior of the grand partition function from the large- W expan-
sion of the partition function. This is possible since the thermodynamic
relationship between the free energy and the grand potential implies

Tw) _ (22w
5)-(5%)

where Q denotes the grand potential per unit area 4 of the nonperiodic
directions, v denotes the average number of particles per unit 4, and p
denotes the chemical potential.

The crucial observation, which in turn allows the expansion (1.6) to be
easily understood within the context of quantum fields, is that the right-
hand side of (1.10) is precisely C¥~"(T). To see this, we note that since
the free field is a Bose system with dispersion relation w ~ [k|, as |k| — 0,
its low-temperature properties are that of a (d— 1)-dimensional Debye
solid. In particular, the total energy E is given by

Wy
E=F —_—
0 +§exp(wk/kT) —1
dk 14
~Ey+ V! 1.12
ot JR,M(2n)d_lexp(|kt/kT)—-1 (1.12)

Using spherical coordinates, the integral in (1.12) is easily evaluated to give

(d—1)'s, 1 0d)

2n T (kT)* (1.13)

8~80+

where
271.(:1—— 1)/2

Sd—1 =m (1.14)

1s the surface area of a (d— 1)-dimensional sphere and ¢ is the energy per
volume. Differentiating (1.13) with respect to T gives the specific heat,
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which we can identify with the right-hand side of (1.10) after using the
identity

d—1\ 2 (d-3)!
F( 2 >_2d‘3F(d/2—1) (115)

in (1.14).

Note that for d=2, the right-hand side of (1.10) gives the conformal
result (1.3) with c=1 [when d=2, (d/2—1) I'(d/2~1) =1 and {(d) = n%/6;
we also have #i=v=17. This is consistent with the above discussion, as a
central charge ¢ =1 corresponds to the free field in 1 + 1 dimension."?

In contrast to the polynomial approach to zero of the specific heat of
the free field, the specific heat of the interacting field should decrease to
zero with the temperature exponentially fast, provided the Coulomb gas is
in a conducting phase. This is a consequence of the exponential decay of
the correlations in the conducting phase.”® The correlation length is thus
finite, which, from the identity (1.9), implies that there is a gap between
the energy of the ground state and the energy of the first excited state.
The identity (1.9) thus explains why although the Coulomb gas in the
conducting phase is not a critical system, its strip free energy behaves
analogously to that of a critical system: the behavior of the free energy is
governed by that of the free field, which is a critical system, but the correla-
tions are determined by the properties of a massive field theory, which is
not critical.

2. FREE ENERGY SUM RULE

We are interested in general n-component Coulomb systems in which
the components interact via the d-dimensional (d>2) Coulomb potential
@ (x), where x=(xM), x@ ., x). In the direction x“ a periodic
boundary condition period W is imposed. The potential is then given by
the summation

Dy, (x ) =D, (]x)) (2.1)

+ Y [PV, x D XD a) - @ (0,..., 0, nW)]

n= —oo
n#0

where @ (|x'“)]) is the Coulomb potential in free boundary conditions

—log |x™], d=2

XD ~@=2 g5 (22)

¢oo(lx(‘”l)={

822/63/3-4-5
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The second term in the summand of (2.1) corresponds to the subtraction
of the self-energy of the infinite array of periodic images.

Due to the singularity of the Coulomb potential at small distances, to
obtain well-defined thermodynamics, it is necessary to regularize @ (|x¥})
at the origin by the addition of a short-range potential @ (|x“|). Alter-
natively, the positive and negative charges may be restricted to separate
subdomains. For definiteness it will be assumed that the potential has been
modified at short distances, and this will be indicated by use of the super-
script r, so we will write @(|x“)|), for example. However, our results are
still valid if the opposite charges are restricted to separate subdomains.

We will confine the system to a box of length W in the direction x¥
and of lengths L in the directions x',.., x“~Y. The »n different charge
species will be taken to have charges gQ,, o= 1,.., n, where ¢ is the “unit”
charge, and the coordinates of a particle of species o will be denoted by
x(a), j=1,..., N,, where N, is the number of particles of species o.. Global
charge neutrality is assumed, which together with an appropriately
regularized potential, should ensure the existence of the thermodynamic
limit.

With the above definitions and specifications, the “strip” free energy
(1.5) is given by

1
[ axe)e ] 23

xr /=1

. 1 "
ot e

o =1

where y is defined by (1.8), the volume of each integration is LY ' ® W,
and

Hy=

I M=
1=
i zF

5 0,0, Px () —x\(a)) (2.4)
=1

=

a=1 y=1 j=1 k
(here the asterisk on the final summation denotes that if « =y, the term
j=k is to be omitted).

Rather than studying the large-W behavior of (2.3) directly, we will
study the behavior of the partial derivative dfy, /0W. To calculate the
partial derivative, we note that both the volume V and potential @, are

functions of W. However, by changing variables
x D =wx (2.5)

in the direction x'), the dependence of ¥ on W can be removed. Denoting
the position vector x with this change of variables by X and the
volume ¥ by V (V=L?"'®[0, 1]), we thus have
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o 1
Yw _ — [ [ ax@gy@
o= TP ST f jv

x (a_aﬁ/ PUX@ Y“”)) C o (XD, YD) (2.6)

where C,; (X, Y) denotes the charge-charge correlation defined with
the change of variables (2.5) (see, e.g., ref. 6 for the explicit definition of this
quantity), and p denotes the bulk density. Changing back to the original
variables, we thus have

w_

1
oW p+L’fnoo2kTLd*1JVfV A
XY (XD — y @) € (x@, y@) (2.7)
where
W (XD — (d))_ g di(”(X(") Y@) (2.8)
x (@ = xdyw
)

In the directions x), j=1,..,d— 1, since we are taking L — oo, the
charge—charge correlation is a function of the difference x) — y), so that
the double integration can be reduced to a single integration. Also, since
the x“ direction is periodic, this is true for j=d. Thus, without any
approximation, (2.7) can be rewritten as

Uw _

= p+2ka AxXD Y (x D) C o (xD) (2.9)

It thus remains to expand the derivative of the potential and the
charge—charge correlations for large W. At this stage we make an assump-
tion in our argument: the dependence of the charge—charge correlation on
W decreases exponentially for large W. This assumption is supported by
the expected exponential decay of the correlations in all directions with
periodic boundary conditions. On the other hand, the derivative of the
potential can be expanded in inverse powers of W. A short calculation
using (2.1) and (2.2) shows

1 (d)y2 d—2 (@32
)~ 5 g e - T2 O,
@)@

a1 d=2)(d=D(x PP —d[(xV) + -+ (xT7)?]}

+0<Wi+3> (2.10)
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where {(d) denotes the Riemann zeta function as defined by (1.7) and &'s(r)
is the derivative of the short-range potential. For d =2 the factor (d—?2)
multiplying the second term and the same factor outside the brackets {---}
(but not the one inside) are to be replaced by 1.

Substituting (2.10) in (2.9), we obtain

%:(;LWW _— _%@ [(d— 2)(d—1) L&d dxD(x D) C_(xD)
—d Z j dx'¥(x)? oo(x(d))} +0 <Wi+2> (2.11)
where
afW 1 r y
WW:w:_p+ﬁJ dx@
() @
x [(|x (d))| D (Ix“)—(d—2) (|x(d)|)d] C (X' (2.12)

For d=2 all factors of (d—2) except the one multiplying (d— 1} are to be
replaced by 1. Our final task is thus to evaluate the integrals in (2.11).
Their value is given by the Stillinger—Lovett second moment sum rule (see,
e.g., ref. 7), which states that for a Coulomb system in its conducting phase

J dxOxPp Cx= — KL 10 a (2.13)
R Kg

where x, is such that the Fourier transform of @ (|x)) is k,/k|%
Explicitly (see, e.g., ref. 5)

4

Kd=m (214)

where I'(x) denotes the gamma function. Substituting (2.13) in (2.11) and
antidifferentiating with respect to W, we obtain (1.6).

The working only requires minor modification to include the case
when the system is in a dielectric phase, characterized by a finite static
dielectric constant &. The Stillinger-Lovett condition (2.11) then reads'”

[ axy c, (x@) = —Zk—T<1 —1> (2.15)

Ky g

so the only change needed to the sum rule (1.6) is the inclusion of the
factor (1 —1/¢) in the finite-size correction. Similarly, the only required
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alteration to the formula (1.10) is the inclusion of the factor (1—1/g)
on the right-hand side. Recalling that the exact value of C(T) is given by
e — 00, (1.10) thus gives

C/(Ty~ (1/e)d(d—1)(d/2 —1) I(d2— 1) {(d) n=*k“T*~ " (2.16)

From the discussion in Section 1.2, we can conclude that the interacting
quantum field theory is now massless.

3. VERIFICATION OF THE SUM RULE

3.1. Two-Dimensional, One-Component Plasma at y=2

The derivation of (1.6) has been given for general n-component
Coulomb systems, n>2. A one-component system can be obtained by
considering a two-component system of N particles of charge g and N’
particles of charge —¢’, and taking the limit N' — o0, ¢’ — 0 with Ng=N'¢’
so that the system is overall charge neutral. The species of infinite
particle density then forms a perfect gas, the free energy of which must be
subtracted in the limiting procedure to obtain the free energy of the one-
component system. Also

Coo(x' ) = g%p 5,(x) (3.1)

where p(,, denotes the truncated two-particle distribution of the mobile
species. Hence, with p now denoting the particle density of the mobile
species, and the short-range potential @, identically zero, (2.12) reads

ofw d—2 ) ()C(d))2
Py =P TS X d)d
OW - o 2kT e |X( [

C o (x9) (3.2)
where for d=2 the factor d—2 is to be replaced by 1. For d=2 the
potential (2.1) can be summed to give®?

Dy (x, y)= —log[|sinh n(x + iy)/ W] (W/n)] (33)

Using this potential, the free energy of the one-component strip system at
the special coupling 7 =2 has been evaluated exactly® with the result

= W(iplog p/2n%) + n/6 W (3.4)

This is in agreement with the sum rule (1.6) with d =2, and has the further
remarkable that all additional correction terms are identically zero.
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The result (2.10) can also be tested. Since the system in the bulk is
rotationally invariant,

X X(l) 2
wo B wn=] s Elenm s

so that their common value is given by their mean value, which is

1
5 fRZ dx® C_(x?) (3.6)

But by (3.1) and the perfect screening sum rule,” (3.6) is equal to

2

—4q
> P (3.7)
The sum rule (3.2) thus reduces to
S w Y
J = —p1-% )
W p( 4) (38)

With y=2, this result agrees with that which can be obtained from the
exact result (3.4) (note that p=v/W, where v=N/L is a constant in the
partial derivative).

3.2. Two-Dimensional, Two-Component Plasma at y=2

The grand partition function =, for this system has recently been
evaluated exactly.®’ To stop collapse at small distances the positive charges
were confined to equally spaced lines in the periodic direction (here the y
direction) with x coordinate nL/M,, n=1,., M,, while the negative
charges were confined to the lines with x coordinate (n— ¢,)L/M,, where
0 < ¢, < 1. (Note: the x and y directions have been interchanged here with
respect to the coordinates used in ref. 9; consequently, L and W are also
interchanged). With the domain thus defined and ¢ denoting the fugacity,
the exact evaluation of the grand partition function is‘”’

0 e —Zp(1 —2¢2)
T2 ZII H [1 G 2(cosh Z, —cos Ba)]

(3.9)

where

Z,=na,2p—1)/W,  ay=L/M, (3.10)
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and the 0, are the solutions of an equation, given explicitly in ref. 9, which
has its solutions uniformly distributed on [0, .

In the limit L, M, — o0, a, constant, we obtain a strip of width W
with periodic boundary conditions. From the general formalism of statisti-
cal mechanics we know that for large systems

kTlog 5= (N> —F (3.11)

where F is the total free energy, u is the chemical potential, and (N ) is the
average number of particles. Thus the strip free energy K7/}, is given by

1
Sw=ul{N>/LkT — lim ZlogE (3.12)
L—

From (3.9) and the fact that the 8, are uniform in the interval [0, n] we
have the exact result

i Ly Loa g ,__e T
im — 5, =— dol 1+ (2
1m 7 0g =, Z jo og[ +(2n<) 2(cosh Z, —cos 9):'

(3.13)

To verify (1.6), we thus require the large-W expansion of (3.13). This task
can be accomplished by writing the right-hand side of (3.13) as

L im {I(N L)— Z j d0 log[2(cosh Z, — cos 9)]} (3.14)

p=—N

I(N, L) = Z J d0 log[2(cosh Z,, — cos 9)+(2n6) —Z(1=2427  (3.15)

p=—N

for the sum I(N, L) can be analyzed using a slight variant of the Euler-
Maclaurin formula, while the summand in the final term of (3.14) is easily
evaluated according to the formula

[ do10g(2 cosh Z,~ 2 cos 0) = |Z,| (3.16)
0

The variation of the Euler~Maclaurin formula required is specified by
the following result.
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Theorem 1. Let f{(Z) be analytic in the strip a<Re(Z)< N and
assume that f(Z) is real for Z real. Then

Z f(;;-—):f dzfz)+2j dzM%ﬁ

p=a+1

© Tm f(N+it)

This result can be proved, using contour integration, in the same way as
the usual Euler-Maclaurin formula, which transforms

i fip) (3.18)

(see, e.g., ref. 10 for this derivation).

To apply Theorem 1 to the summation (3.15), it is first necessary to
study the argument of the logarithm in the summand as a function of
complex Z, and locate its zeros. This is straightforward, and we find that
there exists a value a, such that

fZ)= j: d8 1og{2(cosh 2ma, Z/ W — cos 0) + (2nE)? e~ 21~ 20 2w
(3.19)

is analytic for |Re(Z)| = a,. Thus, we can apply Theorem 1 to transform

1 N 1 n
— i —=1—1| dBlog(2cosh Z, 6~ g 3.20

with f(Z) given by (3.19). A short calculation, which uses the result (3.16)
and the evaluation

® [ T
T 321
jo T (3.21)

then gives that (3.20) is equal to

n’a,
Mz([ dsJ 9 g(s, 0) + 1, — 12W> (3.22)

where

(271_5)2 e*Znazs(l — 2/ W

=1 3.23
g(s; 6)=1+ 2(cosh 2ma,s/W — cos 6) (3:23)
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and

tIm flag +it)

n=2 jo R (3.24)

A similar transformation applies to (3.20) with the p summation
ranging from —N+ 1 to —a,, which together with (3.22) gives that (3.14)
can be rewritten as

1 Uw ds f: do g(s, 0) —fﬁ ds f: do g(s, 0)

Ta,

+ i [f(p*%)—fon daf log(2 cosh Z,—2 cos 9)]

p=—ap+1

na
1 (325)

Here g(s, 0) is given by (3.23), f(Z) by (3.19), I, is given by (3.24), and

Im f(—aq + it)

32
o (326)

7| :2]000 dt

It is straightforward to expand (3.25) in inverse powers of W. Again using
(3.21) and also the simple summation

a

Y. (p—1/2)=}al(2a)’—1] (327)

p=—a+1
we thus find that for large W

.1 — v 1
ngnwzloguz~[pr~6W+O<W3>] (3.28)

where
1

TCaz)z

o . o—t1-262)
j drj d@log[l#—(an)zi——————} (3.29)
— oo 0

Pw=2( (cosh t —cos 6)

Substituting (3.28) in (3.12), we thus have
fo~ W( )+ — +0<i (3.30)
w ,0[1 poo 6W W3 .

where p is the particle density. This is in precise agreement with (1.6) when
d=2.
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